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Abstract 

We find all unitary representations of the quantum "ax+b" group. It turns out 
that this quantum group is selfdual in the sense that all unitary representations are 
'numbered' by elements of the same group. Moreover, we discover the formula for 
all unitary representations involving S.L. Woronowicz's quantum exponential function, 
keywords: C*-algebra- crossed product, quantum group 
MSC-class: 20G42 (Primary), 47L65, 81R15 (Secondary). 

1 Introduction 

Locally compact quantum groups are nowadays studied extensively by many scientists 
||]. Although at the moment there is no commonly accepted definition of a locally com- 
pact quantum group, there are promising approaches and interesting examples have been 
worked out. Among the most interesting ones is the quantum "ax+b" group constructed 
by S.L. Woronowicz and S. Zakrzewski in According to the recent computation by A. 
van Daele, this group is the first known example of an interesting phenomenon foreseen by 
Vaes and Kustermans in ||. In this paper we study the quantum 'ax+b' group from the 
point of view of unitary representations and duality theory. 

The aim of this paper is to derive a formula for all unitary representations of the quan- 
tum 'ax+b' group . The C7*-algebra of all continuouos functions vanishing at infinity on 
this quantum group is 'generated' (in the sense we explain below) by three unbonded op- 
erators log a, b and ij3b. We discuss the quantum 'ax+b' group on the Hilbert space level 
in Section 3. For the reader's convienience in Section 3 and 4 we recall the definition and 
relevant information about the quantum 'ax+b' group and our previous results on unitary 
representations of some braided quantum groups related to the quantum 'ax+b' group ||] . 
In Section || we discuss the C*- and W*- crossed products connected with quantum 'ax+b' 
group and prove some propositions we will use later on. In Section [| the formula for all 
unitary representations of quantum 'ax+b' group is proven. In our proof we follow the 
method used by S.L. Woronowicz in the case of quantum E(2) group (see fl2[l ). In the next 
Section we will fix the notation. 
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2 Notation 



Let q and p respectively denote the canonical coordinate and momentum operators acting 
on the Hilbert space L 2 (R). The domain of the operatora q is the set 

D(q) = {ipe L 2 (R) : [ x 2 \^(x)\ 2 dx < oo } 

and for any tp G D(q) the operator q is given by 

(#)(t) =ti/)(t) . 

The domain of the operator p is the set 

D{p) = G L 2 (R) : $ G L 2 (R) } , 

where distributional differentiation is understood. 
The operator p is given for any tp from D(p) by 

c-t\t \ hd f( x ) 

{pf){x) = 7 "ST' 

where distributional differentiation is understood. 

We consider only concrete C*-algebras, i.e. embedded into C*-algebra of all bounded 
operators acting on Hilbert space TC, denoted by B(TC). The C*-algebra of all compact 
operators acting on H will be denoted by CB{H). All algebras we consider are seperable 
with the exception of multiplier algebras (see definition of multiplier algebra below). 

Let A be C*-algebra. Then M(A) will denote the multiplier algebra of A, i.e. 

M(A) = {m G B(TC) : ma, am £ A for any a G A} . 

Observe that A is an ideal in M(A). If A is a unital C*-algebra , then A = M(A), in general 
case A C M{A). For example the multiplier algebra of CB(TC) is the algebra B(TC) and 
the multiplier algebra of C*-algebra Coo(M) of all continuous vanishing at infinity functions 
on R is the algebra of all continuous bounded functions on R denoted by C\y 0un d e d(R) ■ The 
natural topology on M(A) is the strict topology, i.e. we say that a sequence (m n ) ne n of 
m n G M(A) converges strictly to if for every a G A, we have ||m n a|| — ► and ||am„|| — > 0, 
when n — > +oo. Whenever we will consider continuous maps from or into M(A), we will 
mean this topology. 

For any C*-algebras A and B, we will say that 4> is a morphism and write </> G Mor(^4, B) 
if is a * - algebra homomorphism acting from A into M{B) and such that (p(A)B is dense 
in B. Any G Mor(^4, B) admits unique extension to a * - algebra homomorphism acting 
from M(A) into M{B). For any S G M(A), operator 4>(S) is given by 

4(S)(<i>(a)b) = 4(Ta)b , 

where a G A and b £ B. 

For any closed operator T cting on TL we define its z-transform by 

z T = T{I + T*T)-^ . 

Observe that zt G B(K) and \\zt\ \ < 1. Moreover, one can recover T from 

T = z T (/-4z T )4 . 
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A closed operator T acting on A is affiliated with a C*-algebra A iff zt £ M(A) and 
(I — z?pZx)A is dense in A A set of all elements affiliated with A is denoted by A 11 . If A 
is a unital C*-algebra, then A 11 = M{A) = A, in general case 

A C M(A) = {T r] A : \\T\ \ < 00} ci' . 

The set of all elements affilated with Coo(IR) is the set of all continuos functions on real 
line C(M), and a set of all elements affiliated with C*-algebra CB{TL) is a set of all closed 
operators C(H). This last example shows that a product and a sum of two elements affiliated 
with A may not be affiliated with A, since it is well known that a sum and a product of two 
closed operators may not be closed. Affiliation relation in C*-algebra theory was introduced 
by Baaj and Julg in 

Observe, that if eft € M.or(A,B), then one can extend <j> to elements affiliated with A. 
Let us start with the observation, that for any T S M{A) we have 

4>(z T ) = Z^t) . 

Hence for any T r\ A we have zt € M(A). Moreover, there exists a unique closed operator 
S such that 4>(zt) = zs- This operator is given by 

S = (f)(zT)4>(I — ZtZt)~~ z ■ 

From now on we will write S = <f>(T). 

We recall now a nonstandard notion of generation we use in this paper. This notion was 



introduced in [14], where a generalisation of the theory of unital C*-algebras generated by 
a finite number of generators was presented. It was proved in [Q] that such C*-algebras are 
isomorphic to algebras of continuous operator functions on compact operator domains (see 
Section 1.3 of || and references therein). In this approach, the algebra of all continuous 
vanishing at infinity functions on a compact quantum group is generated by matrix elements 
of fundamental representation. To use this approach to noncompact quantum groups, one 
has to extend the notion of a generation of a C*-algebra to nonunital C*-algebras and 
unbounded generators . According to the definition we recall below, C* -algebra of continu- 
ous vanishing at infinity functions on a locally compact quantum group is generated by its 
fundamental representation . However in this case the fundamental representation is not 
unitary and the generators are unbounded operators, so they are not in the C*-algebra A. 

Assume for a while, that were are given a C*-algebra A and operators T\, T2, TV 
affiliated with A. We say that A is generated by Ti,T2, ...,T/v if for any Hilbert space H, a 
nondegenerate C*-algebra B C B{TL) and any tt G Mor(A,CB(TC)) we have 

7r(Tj) is affiliated with A \ , „ , , . >. 
far my * = !,...,* J^(^Mor(A£)). 

We stress that described above 'generation' is a relation between A and some operators 
Ti, T2, Tjy and both have to be known in advance. There is no procedure to obtain A 
knowing only Ti, T2, Tjy and it is even possible that there is no A generated by such 
operators. 

For unital C*-algebras generation in the sense introduced above is exactly the same 
as the classical notion of generation. More precisely, let A be a unital C*-algebra and let 
Ti, T2, . . . , T/v £ A. If A is the norm closure of all linear combinations of I, Ti, . . . , Tjy, then 
A is generated by Ti, T%, . . . , T/v in the sense of the above definition. On the other hand, let 
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A be a C*-algebra generated by Ti,T2, ■ ■ ■ , T/v rj A, such that ||T|| < oo for i = 1, 2, . . . , N. 
Then A contains unity , T% , T2 , ■ ■ ■ , T/v € A and A is the norm closure of the set of all linear 
combinations of I, T\, T 2 , . . . , T/v- 

An easy example of this relation is that C*-algebra Coo(R) of all continuous vanishing 
at infinity functions on R is generated by function f(x) = x for any x G R. The other 
example is C*-algebra CB(L 2 (R)) which is generated by p and q. 

Let A and B be C*-algebras and assume that we know generators of A. In order to 
describe <f> € Mor(A, B) uniquely it is enough to know how (j) acts on generators of A. 

We will use exclusively the minimal tensor product of C*-algebras and it will be denoted 
by i8>- We will also use the leg numbering notation. For example, if <f> £ Mor(^4 ig) A, A ® A) 
then (pi2(a (8 b) = a ® b (8 I a and 4>i3( a ® b) = a (8> I a ® & for a, 6 € ^4. Clearly, 1^12, (^13 € 
Mor(^ (8)^4,^4(8)^4® A). 

Let / and <fi be strongly commuting selfadjoint operators. Then, by the spectral theorem 

f = rdE(r, p) and <f> = / pdE(r, p) , 
JA Ja 

where dE(r, p) denotes the common spectral measure assiociated with / and 4> and A stands 
for a joint spectrum of / and (p. Then 

F(f,</>)= [ F(r,p)dE(r,p) . 
Ja 

Let b be a selfadjoint operator and let the symbol x denote the characteristic function 
defined on R. By \{b 7^ 0) we mean the projection operator on the subspace ker&^, by 
x(b < 0) - the projection onto the subspace on which b is negative, and so on. 



3 Quantum 'ax+b' group on Hilbert space level 

Now we will introduce the commutation relations describing the quantum "ax+b" group. 
One may guess that only two selfadjoint operators a and b will appear in such relations. 
However, it was found in [10] and [O], that in order to ensure existence of a selfadjoint 
extension of a sum a + b one has to add an additional generator, denoted here by ib/3. 

First we will focus on the operators b and (3. Operator (3 is an analogue of a noncon- 
tinuous (but measurable) function on the quantum "ax+b" group, so its not a good choice 
for generator, which should be an analogue of a continuous function. (For the notion of 
generator used here see Section 2.) Namely, the operator (3 itself will not make a good 
generator, since it is not affiliated with the C*-algebra of all continuous functions vanishing 
at infinity on the quantum "ax+b" group, which we denote by A . Operator ib[3 is affiliated 
with this algebra, but (3 is only in the von Neumann algebra A" . That is the reason why we 
use ib/3 instead of (3. We will use the Zakrzewski relation indroduced by S.L. Woronowicz 
in |fTo| l. We say that two selfadjoint operators b and d satisfy the Zakrzewski commutation 
relation and we write 

b —od , 

if b commutes with sign d and 

|6|**rf|6| _ ** = e nt d for t G R , (1) 

where — ir < H < ir. Here sign b denotes the selfadjoint, bounded operator appearing 
in the polar decomposition of b. Any pair of operators b and d such that b —od and 
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ker b = ker d = {0} is unitarily equivalent to a direct sum of a certain number of copies of 
± e 5 and ±ef 

Consider a pair of selfadjoint operators (b, (3) satisfying 

b(3 = -(3b (3 2 = X (b + 0) , (2) 

where the second condition means that (3 2 is a projection operator onto the subspace ker b 1 - 
(see Section 2). If a pair of selfadjoint operators (b, (3) acting on 7i satisfies (|2|) we will write 

(b,(3)EM H 

and call (b, (3) an M-pair. 

M-pairs were studied in detail in ||. If two pairs (b, (3) £ and (d, 5) £ satisfy 
an additional condition 

b -od b5 = 5b d(3 = (3d (35 = 5(3 , (3) 

we write 

(b,(3,d,5)eM 2 i . 
For (b, (3, d, 5) G we will define the (J) product of M-pairs 

(b,/3)®(d,5) = (d,5) . (4) 

Before we write down formulas for (d, 5), we will give some explanation why our choice 
is natural. First of all, we want (d, 5) to be an M-pair acting on H. Secondly, having already 
in mind application to the quantum 'ax+b' group , we define this product in such a way 
that the first element is as close to b + d as possible. The reason why this is so desirable 
will be obvious in Section ||. 

Here, however, we encounter a serious difficulty. It is well known that the sum of two 
selfadjoint operators need not to be selfadjoint, so in general the simplest proposal 

d = b + d 



will not do. The second guess is to take a selfadjoint extension of the sum above. However, 
in some cases, namely when defficiency indices of b + d are not equal, there are no selfadjoint 
extensions. An easy example is to take b = e q and d = —eP. Then b+d is a closed symmetric 
operator, but there is no selfadjoint extension since deficiency indices are and 1. 

The theory of selfadjoint extensions of sums of operators satisfying Zakrzewski relation 
was developed by S.L. Woronowicz in |jTcf| . It was proved there that every selfadjoint 
extension of b + d defines uniquely a selfadjoint operator <p such that (p anticommutes with 
b and 5 and such that <j) 2 = \{e~bd < 0). 



Let Ffi denote the quantum exponential function indroduced by S.L. Woronowicz in [10] 



as 

f ^e(logr) dla r > i p = 

*K\r,p) | {l + ip\r\f,}V e (log\r\-Tri) dla r < i p = ±1 ' W 

where 6 = t£ and Vg is a meromorphic function on C defined as 



V e (x) 



( 1 f°° 
exp j— log(l + a- e ) 



da 
a + e" 
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From now on we assume that 



h = ±— - — , where k = 0,1,2,... (6) 
2k + 3 v; 

The reason why we restrict ourselves only to such values of parameter h is that we are 
motivated by the quantum 'ax+b' group and and it turns out that only for such h the 



quantum 'ax+b' group exists on C*-algebra and Hilbert space level (see [11]). Without loss 
of generality we may assume that kerd = {0}, since in case d = obviously there are no 

ih i 

problems with selfadjointness of b + d = b. If d is invertible then the operator e^~d~ b is 
self adjoint M. In such selfadjoint extension of b + d is given by 



d=[b + = F n (J, <P)*dF h (f, <j>) , (7) 

where 

f = efd- l b and <f> = {-l) k (38 X (e^bd < 0) 
and the relation between h and k is given by @. Analogously 

~5 = F h (f,<py5F h (f,cf>) . 

Using Woronowicz's results we proved in || that if (b, (3, d, 5) € then a selfadjoint 
extension of b + d always exists and may be given by ([?]). Moreover, then ([b + d]^, 6) € Mjj. 
We also proved in that paper (Theoreme 3.3), that 

Lemma 3.1 U is a unitary representation of M acting on a Hilbert space tC, i.e. U is an 
operator map (see Section 1.3 of J3/ and references therein) 

U : M n — >B(K®H) 

satisfying 

U(b,(3)U(d,5)=U((b,f3)®(d,5)) , 
iff there is (g, 7) € M/c such that for any (b, [5) € 

U(b, (3) = F h (g 6, (7 (5) X {g ® b < 0)). (8) 

It means, that unitary representations of M acting on /C are 'numbered' by pairs (g, 7) G 
M)c- This Lemma will be of great use in the proof of Theorem [l6|, which is the main result 
of this paper. 

Now we are ready to introduce commutation relations related to the quantum 'ax+b' 
group . We say that (a, b, (3) G G n and we call (a, b, (3) a G-triple if a, b and f3 are selfadjoint 
operators acting on a Hilbert space TC, a is positive and invertible , a —ob, a commutes with 
(3 and (b,f3) € M^. One can define operation on G-triples for any (a,b,f3) € G n and 
(c, d, 5) € G K 

(a, b, (3) © (c, d, 5) = (a, b, 0) G G H0K 

by setting a = a <X> d and letting b be a selfadjoint extension oia(&d + b<g)I and with (3 
given by certain rather complicated formula (see [11]). Observe, that (a <S> d) —0(6 <g> J) and 



that (a (g> d, I (g> S,b ® J, /3 (2) I) £ ME^. It turns out that in order to make the operation 
(J) associative one has to assume that h is given by (|6|) and that A; describing selfadjoint 
extension of a ® d + b ® I (see formula (0) and the explanation below) is related to h via 
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4 Quantum 'ax+b' group as a C*-crossed product 



We recall that A denotes the C*-algebra of all continuous vanishing at infinity functions on 
quantum 'ax+b' group . The C*-algebra A is generated (see explanation in Section ^) by 
unbounded operators log a, b and if3b, such that (a, b, (3) £ G n . 

Assume that ker b = {0}. This assumption is not very restrictive since every b is a direct 
sum of b\ invertible and 62 = 0, and the case 62 = is not interesting. It was proved in 



11 1 that in that case the multiplicative unitary operator W £ B(H <g> Ti) related to the 



quantum 'ax+b' group is given by 

W = F h (efb- l a ® b, (-l) fc (/3 ® 0)x(b ® b < 0) 



^logdbr^loga 



(9) 



In fact, to have a manageable multiplicative unitary, which is essential in S.L. Woronowicz 
theory of multiplicative unitary operators (see |l5| ) , one needs a slightly more complicated 
formula for W. However, for our purpose, the formula above is good enough. 

From the theory of multiplicative unitaries we know that the structure of the quantum 
group is encoded in its multiplicative unitary operator. More precisely, for any d £ A 
comultiplication A £ Mor(^4, A® A) is given by 

A(d) = W{d®\d)W*. 

Moreover, A may be extended to unbouned operators affiliated with A and is given on 
generators of A by 

A (a) = W(a ® id)W* = a <g> a, 



A(6) = W(b ® id)W* = [a ® b + b ® /](_!), W)x(te6<0) 
A(i6/3) = VF(i6/3 ® id)W* = iA(6)W(0 ® id)^* . 
By abuse of notation we also write 

A(/3) = WC9®id)W* . 

Thus defined A is associative 

We construct now a C*-dynamical system. Let r € [0, +00 [ and 



(10) 
(11) 



(12) 



b(r) 



T 

-r 



and P(t) 



X(r + 0) 
X(r 7^ 0) 



Then (b,0) £ M C 2. 

Let M2x2(C) denote the set of all 2 x 2 matrices over C. Let B Q be a an algebra of all 
continuous functions 

/: [0,+ooHM 2x2 (C), 
such that lim^oo f(t) = and /(0) is a multiple of unity, i.e. 

Bo = {/ £ Coo([0, +oo[) ® M 2x2 (C) I /(0) = z/ M2x2 where z £ C } . 

Any function g £ B Q is given by 

( 5 (6,/3))(r) = M&) + fla(6)i/3)(r) = [ _-^1 t) 
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where g±,g2 £ Coo(R)j and 52(0) = 0. Then B a is a C*-algebra. Observe that b and i(3b 
are affiliated with B Q and B„ is generated by b and i(5b in the sense explained in Section |2[ 
One may identify B with the C*-algebra of all continuous vanishing at infinity functions 
on JW(£2 (see Section 1.3 of [|| and references therein). Moreover 

M(B ) = {/ G C b ounded([0, +oo[,M 2x2 (C)) | /(0) = z/ Af2x2 , where z G C }. 

Analogously, one may identify M(i3 ) with the C*-algebra of all continuous bounded func- 
tions on M C 2. 

Let us introduce an action a G Aut(M(5 G )) of R given for any function f £ B Q by 

(er t /)(r) = /(e m r) where r G R+ and tel. 

Then (B ,M, <r) is a C*-dynamical system (see e.g. ||). Let us denote the C*-crossed 
product algebra coming with this system by A cp 

A cp = B x a R. 

From the definition of C*-crossed product follows that M{A cp ) contains a one parameter, 
strictly continouous group of unitary operators implementing the action a of the group R 
on algebra B a . Denote the infinitesimal generator of this group by log a. Then a is a strictly 
positive operator affilated with A. For any t G R, we have that a lt G M(A) is a unitary 
operator and map R 3 t — > a l 'd is continouous for any d G A. The action a of R is given 
for any / G B Q and £ G R by 

a t (f) = a a fa- u . 

It follows that a —06 and a(3 = (3a. Therefore (a, b, (3) G G^. 
It is well-known that a linear envelope of the set 

{fg{\oga) :f€B a , g G C^R)} 

is dense in ^4 = f? Q x CT R. Hence B a C M(A). It turns out ( pl| , Proposition 3.1]) that log a, 6, 
and /3 generate A cp . Moreover, Proposition 3.2 |T| says that for any triple (a,b,$) G G-u 
there is a unique representation 7r G Rep(^4 cp , i/) such that a = n(a), b = n(b) and (3 = 7r(/3). 
It was proven in [[H]] that A cp = A, i.e. that the crossed product algebra A cp is the same 
as algebra A of all continuous, tending to in infinity functions on the quantum 'ax+b' 
group (see [0]). From now on we will use letter A for both these algebras. 

Now we will construct a dual action of R on the crossed product algebra related to the 
dynamical system (£? ,R, a). To this end let us consider the map 

t = (id ® <pt)A , (13) 

where the map ip G Mor(^4, Coo(R)) is such that for any t G R 

ip t (log a) = ht and <p t {b) = . (14) 

From Proposition 3.2 of [11 1 it follows that there is only one such map. Observe that 6t is 
an automorphism of A and that 

#0 = id and s t = 9 s+t 
The map t — > ^t(d) is continuous for any d G A. Morever, for any i,t£l 

e x (a u ) = e mx a u . 



S 



Thus we showed that (A,M,9) is a C*-dynamical system and that it is the system dual to 
the C*-dynamical system (B Q ,M,a). 
By (0) and (0) we get 



(id <g> (ft)A(a) = (id <g> <p t )(a <g) a) = e ht a . (15) 
Moreover, by @ and (|14|) 

(id®Lp t )F h (e^b^a ® 6, (-l) fc (/? ® /%(& ® b < 0)) * Ml&r 1 )®^ = F ^ 0) o^log^r 1 ) _ 
Hence by (0) 

(id g> <^)A(6) = 6 . 

Analogously 

(id ® <pt)A(ipb) = ifib . 
It follows that for any i G R and g G M(2? ) we have 

0t{g) = g ■ 

Since (B Q ,R,a) and (A,R,0) are dual C*-dynamical systems, it follows that (B",M.,a) and 
(A",M,9) are dual VK*-dynamical systems, if we only extend a and 9 appropiately. 

Let K, be a Hilbert space, finite- ore infinitedimensional. Observe that (B(JC)<giB", R, 1(g) 
a) is also a VF*-dynamical system and its crossed product von Neumann algebra W* is 
B(K)®A". Analogously, the VF*-dynamical system dual to (BQC)<S)B^,R,I®a) is (B(K)® 



In what follows we will need the Proposition 4.1 below, which is an easy consequence of 
Theorem 7.10.4 from H: 

Proposition 4.1 Let m G B{K) (g> A" and let for any t G R 

(id ® 9t){m) = m . 

Then 

m G (8) . 

We also need 

Proposition 4.2 Let B be a C* -algebra and let w G M(B £g> A). Then the map R 3 t — » 

(id (g> V 9 t)' u; ^ M(5) is strictly continuous. 

Proof: We know that tp G Mor(A, C^R)) and therefore (id® cp)w G M(B Coo(R)). S.L. 



Woronowicz in [14| showed that elements of M(i3®C 00 (R)) are bounded, strictly continuous 



functions on R with values in M(B). □ 

5 Representation theorem 

Definition 5.1 (Unitary representation) A unitary operator V G M(CB(/C <S> A) is 
called a (strongly continuous) unitary representation of the quantum 'ax+b' group if 

W23V12 = V 12 Vi 3 W 2 3 , 

or equivalently 

(id ® A)V = V 12 V l3 . (16) 
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Observe that in case of the classical group condition fll6| ) is equivalent to the classical 
definition of a unitary representation, i.e. a representation U is a map 

U : G 3 g -> U g G 

such that ?7 fl is unitary for any g £ G, and for any g, h G G we have t/gt/fc = f7 s /j. 
It was proven in p| that 



Proposition 5.2 Lei (a,b,/3) G G H and (c,d,5) G and Ze< kerfe = {0}. T/ien £/ie 
operator V G M(CB(7i ® A) giwen &?/ 

y(log a, 6, /?) =F h (d® b, (5 ® /3)x(d ® 6 < 0))* el logc ® loga (17) 

satisfies 

(id ® A)y = y 12 yi 3 , 

so V is a unitary representation of the quantum 'ax+b' group . 

We will prove that all unitary reperesentations of the quantum 'ax+b' group are of the 
form described above. This is the main result of this paper. 

Theorem 5.3 A V £ M(CB(Ti®A)) is a unitary representation of the quantum 'ax+b' 
group on a Hilbert space K iff there exists (c, d, 5) G G K such that 

V{loga,b,f3) = F h (d®b,(8®p)x{d®b<0)y e ^ losc&osa , 
where (a,b,/3) G G H and log a, b and ib(3 are the generators of A. 

Proof: Let V be a unitary representation of the quantum 'ax+b' group on a Hilbert 
space fC. Then for any t G M the operator (id ® (pt)V G B(IC) is unitary. 
Applying (id ® ip s ® ipt) to both sides of fll6|) we get 



v(h(s + 1), o, o) = v(hs, o, o)v(ht, o, o) 

Hence 

(id ® ip s+t )V = (id ® <p s )V(id ® <p t )V 

i.e. (id ® (p)V is a representation of R. 

The strict topology coincides on B{H) = M(CB{H)) with the *-strong operator topol- 
ogy. Since *-strong operator topology is stronger than strong operator topology, Proposition 
4.2 shows that the map 

M 3 t -> (id ® <p t )V G B(K) 

is strongly continuous. Therefore, by Stone's Theorem, there is a selfadjoint, strictly positive 
operator c acting on K and such that 



(id®^ t )F = e i * logc (18) 



for any t G K.. 

Observe that by ©, © and (|| 



(id®0 t )V = F(e in °s c ®id) 
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Moreover, by (|l5| ) 

(id® t ) e -^ logc ® loga = ( e - itlogc ®id)e~s lo s c ® lo s a 

Hence 

(id®^)^e"^ logc ^ loga = Ve-^ logc&oga . 

Observe that 



By Proposition 4.1 



ye -ilog C ®loga = ^ 



where / £ B{K,)® B". It means that one can ([jTj]) identify / with a measurable (operator) 
function / : M — > B(K Cg Ti) . Because V is unitary and 

V = f(b,P)ei logc&oea , 

it follows that / may be identified with a continuous and bounded (operator) function with 
values in unitary operators acting on /C. Let us compute 

(id <g> A)V = (id ® A) ( f(b, P)ei l ° sc& ° sa ) = f{A(b), A(/3))ei logc ® log A(a) = 



= /([a ® b + 6 ® 7] r , A(/3))ei l °s^s{am) . (19) 
Applying (id <g> (ft <8> id) to both sides of ([!(]) we get 

(id ® ^ ® id)y 12 y 13 = (e i ' logc id)F 

and 

(id ® ^ ® id) (id ® A)V = /(e m 6, /3)(e* Iog c ® log a ) (e a Iog c ® id) . 
Comparing the resulting expressions we obtain 

(e iHogc ®id)y = /(e m 6,/3)(et logc ® loga )( e i * logc ®id) . (20) 

On the other hand, applying (id ® id % (ft) to both sides of ( |16| ) we get 

(id (81 id ® v9 4 )Fi2^i3 = y(e i41ogc ® id) 

and 

(id ® id ® <^)(id <g> A)l/ = f(b, /3)(et Iogc®loga^ e itlogc g 

Comparing the resulting expressions we obtain 

V(e itlosc ®id) = /(6,/3)(ei logc ® loga )(e i ' logc ®id) . (21) 
We insert now log a instead of ht in formulas (^0|) and (|2l|) we get 

( e £logc®loga g id) y i3 = g, bj J g, ^(gllogc^loga^^gflog^loga)^ 

y 12 (e^ logc ® loga )i 3 = /(6 0/,/3 0/)(eS logc ® loga ) 12 ( e ^ logc ® loga ) 13 . 

Then 

Vi2 = /(6®/,/3®/)(e^ logc8a )i 2 (22) 
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V 13 = (e^ losc0a )t 2 /(a®6,/0/3)( e ^ losc ^ a )i3(e^ losc ^)i 2 . (23) 
remembering that V satisfies (id ® A)V = V12V13 and using (|i~9|), (|22| ) and p^), we get 

f([a®b+b®I] T ,A(f3))ei losc& °^ a ^ = f(b®I, (3®I)f(a®b, l®0)(e* lo g c ® lo s a ) 13 ( e 7r log^ioga^^ 

Moreover 

e |logc(gilog(a®o) _ e { logc®{log(I®a)+log(a®/)} _ logc®loga\ / e |logc<g>loga\ 

Therefore 

/([a g> 6 + 6 ® I] T , A(/5)) = f(b®I,(3® I)f(a ®b,I®(3) 

or equivalently 

f{[a ®b + b® I] T , A(/3))* = f(a®b,I® (3)*f{b ® 1,(3® I)* . (24) 
Using (^) and (0) and remembering that f3 commutes with s|6| _1 , we get 

AOS) = (25) 

F H (e^b~ l a ® b, {-l) k {(3 ® (3) X {b ® b < 0))* (/3®I)F h (efb^a ® b, (-l) fc (/3 ® ® 6 < 0) 
Let us introduce the notation 

R = a®b, p = I®f3 S = b®I, a = (5® I. (26) 
We see that (R, p, S, a) € M^ n . Moreover, if we define 

T = ef S~ 1 R = ef b~ 1 a®b and r = {-l) k {(3 ® (5) , (27) 
then also (T, r) £ M-^. Since a —ob, then by Theorem 6.1 from [fTo| 

sign (e"2"6 _1 a) = sign (6) sign (a) . 

Since a > 0, we finally get 

X (T < 0) = x(e^& -1 a ® 6 < 0) = X (b ® b < 0) . 
Inserting ( p6|) and (|27| ) into formula (|25| ) and using @ we get 

A(/3) = F h (T,T X (T < 0))*aF h (T,r X (T < 0)) . 
Moreover, we observe that the following selfadjoint extensions are the same 

[a ® b + b ® I) T = [R + S'] tx (t<o) • 
Using two last formulas and substituting (|26|) into the right hand side of (p3) , one can write 



fj) 



f({R, p) ® M (S, a))* = f(R, p)*f(S, a)*. 

From Theorem 3.3 || (recalled in Section 2) follows that if a function / is a measurable 
(operator) function / : M — > B{K ® TL) and satisfies the above condition, then it is given 
by 

f(b, (3) = F h (d® b, (6 ® p) x (d ® b < 0))* , 
12 



where (d,5) 6 M K . 
Therefore 

V = F h (d®b,{5®[3) X {d®b< o))* e ^ losc ^ loga (28) 
What is left to prove is that 

c — od and 5c = c5 . 
To this end, let us observe that combining ( p8| ) and ( p3[ ) we get 

F fi (d ® J <g b, (6 <g> J ® (3)x(d <g / <g 6 < 0))* = 

= (et losc& °z a )* 12 F h (d®a®b,(5®I®(3)x(d®I®b < 0))*(e£ lo s c ® loga ) 12 . 

Hence 

(dig) id) = e-^ logc ® loga (d(g)a)e^ losc ® loga (29) 

and 

(5(g) id) = e -i losc ® loga (6 ® I)ei logc&osa . (30) 

Substituting a = e hk I in formula Q29| ) we get c — od. Moreover, after the same substitution 
in formula (|30| ) we see that c commutes with 5. Hence (c,d,S) € Gx, which completes the 
proof. □ 



Acknowledgments 

This is a part of the author's Ph.D. thesis ||] written under the supervision of Professor 
Stanislaw L. Woronowicz at the Department of mathematical Methods in Physics at the 
Warsaw University. The author is greatly indebted to Professor Stanislaw L. Woronowicz 
for stimulating discussions and important hints and comments. The author also wishes to 
thank Professor Wieslaw Pusz and Marek Bozejko for several helpful suggestions and Piotr 
Soltan for reading carefully the manuscript. 



References 

[1] S. Baaj & P. Julg, "Theorie bivariant de kasparov et operateur non bornes dans les 
C*-modules hilbertiens" , C. R. Acad. Sci. Paris, Serie I, 296 (1983) 875-876. 

[2] S. Baaj & G. Skandalis: Unitaires multiplicatifs et dualite pour les produits croises de 
C*-algebres. Ann. scient. Ec. Norm. Sup., 4 e serie, t.26, 1993, pp 425-488. 

[3] Klimyk, Schmiidgen: Quantum Groups and Their Representations. Springer -Verlag 
Berlin - Heidelberg 1997. 

[4] P. Kruszyhski & S. L. Woronowicz: A Non-commutative Gelfand-Naimark Theorem- J. 
Operator Theory 8 (1982), 361-389. 

[5] J. Kustermans, S.Vaes, A simple definition for locally compact quantum group C.R. 
Acad. Sci. Paris, Ser. I 328 (10) (1999), 871-876. 

[6] Pedersen, G. K., C* -algebras and Their Automorphism Groups, Academic Press, Lon- 
don, New York, San Francisco, 1979. 



13 



[7] M. Reed, B. Simon: Methods of Modern Mathematical Physics, Part I. Academic Press, 
New York, San Francisco, London 1975. 

[8] M. Rowicka-Kudlicka: Braided quantum groups related to the quantum "ax+b" group, 
QA/0101003. 

[9] M. Rowicka-Kudlicka: Exponential equations for some braided quantum groups. PhD 
thesis, Warsaw University, 2000. 

[10] S. L. Woronowicz: Quantum exponential function - to appear in Rev. Math. Phys.. 

[11] S. L. Woronowicz k, S. Zakrzewski: Quantum 'ax+b' group - KMMF Preprint 1999. 

[12] S. L. Woronowicz: Operator Equalities Related to the Quantum E (2) Group - Com- 
mun. Math. Phys. 144, 417-428 (1992). 

[13] S. L. Woronowicz: Quantum E (2) Group and its Pontryagin Dual- Lett. Math. Phys. 
23: 251-263, 1991. 

[14] S. L. Woronowicz: C*-algebras generated by unbounded elements. Rev. Math. Phys. 
Vol.7 No. 3 (1995) 481-521. 

[15] S. L. Woronowicz: From multiplicative unitaries to quantum groups. International 
Journal of Mathematics, Vol. 7, No. 1, pp 127-149 (1996). 



14 



